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An Elementary Topological Proof of the Four-Color Theorem via Nested Annular
Domain Decomposition
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Abstract

The Four-Color Theorem is a well-known core problem in planar graph coloring. The
existing standard proof relies heavily on exhaustive computer-based configuration checking,
while a rigorous manual topological proof remains absent. Based on planar topology, this
paper develops a decomposition method that splits any connected planar map into
hierarchically nested annular layers. Redundant degree-2 vertices are eliminated by
homeomorphic transformation without changing the adjacency of map faces. A layered
coloring rule is established: adjacent annular layers are assigned two distinct base colors
according to layer parity for valid inter-layer coloring, and each individual annular region is
properly 2-colored internally. The combination of two global base colors and two local
intra-layer colors forms a complete four-color palette. The rationality of the coloring strategy
is verified with the extreme case of two consecutively nested odd-partition annuli. As a result,
an elementary computer-free topological proof of the Four-Color Theorem is obtained.
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